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Abstract. In the main part of the paper, on the basis of contour integration 
of complex meromorphic functions whose singularities lie onto an integration 
contour, in the first step, a concept of improper integrals absolute existence 
of meromorphic functions, as more general one with respect to the concept of 
improper integrals convergence (existence), is introduced into analysis. In the 
second step, in the case when a modulus of complex parameter tends to infin- 
ity, an interval of improper integrals convergence of parametric meromorphic 
functions is defined. In accordance with this, it is shown that the class of real 
valued meromorphic functions, whose finitely many isolated singularities lie 
onto a real axis segment [to, ti], may be expanded into Fourier trigonometric 
series, separately. At all points of the segment, at which the meromorphic 
functions are continuous ones, the Fourier trigonometric series is summable 
and its sum is equal to the function values at those points. Finally, that all is 
illustrated by two representative examples. 

1. Introduction 

From the author's viewpoint, proper attention should be paid to a class of math- 
ematical expressions reducing, in the boundary case, to the difference of infinities 
oo — oo. Namely, in general case, the difference of infinities cxd — cxd is an indefinite 
expression taking any value from the extended numeric straight-line (real axis) R* , 
that is, from the segment [—00, -l-oo] . Causality related to the value itself of an 
indefinite expression is behavior of the mathematical expression reducing to it in 
the boundary case. Therefore, a case of so-called alternative numerical series is 
indicative one, In fact, since each alternative series can be expressed, according 
to its definition - Definition 1, Section 2.6, Chapter 2, p. 28, - by difference of 
two positive numerical series, then in the case when each of them definitely diverges 

the alternative series reduces to an indefinite expression 00 — cx). The typical repre- 

+00 ^ 

sentative of such a class of series, is the alternative numerical series (^1) • -By 

k=l 

means of Caushy 's definition of both the sequence convergence and the numerical 

series convergence 1^, it can be immediately shown that the alternative numerical 

-1-00 ^ 

series ^ i indefinitely diverges. In other words, since in this emphasized 



Received by the editors May 25, 2000. 

1991 Mathematics Subject Classification. Primary 32A20, 32A27; Secondary 42A24, 42A63. 
Key words and phrases, improper integral, by-pass integral, interval of convergence, Fourier 
series. 



©1997 American Mathematical Society 



2 



BRANKO SARIC 



n ^ +00 ^ 

case, the limiting value of partial sums ^ of the numerical series ^ 

fe=l k=l 

does not exist when n +00, then the sum of the observed numerical series, in the 
Caushy's sense, does not exist too. Accordingly, it is natural to ask the following 
questions; How much is the sum value of this numerical series, more exactly, is this 
numerical series summable? Closely related to these questions is another; How 
much is, in this emphasized instance, the numerical value of an indefinite expres- 
sion of difference of infinities cx) — 00 ? Clearly, conceptually distinction should 
be made between summation of series in the Caushy's sense and its summability. 
In the modern mathematical analysis, more exactly, in the series theory, and from 
the point of view of the general convergence (summability) of numerical series, an 
answer to the former questions was given by Frobenius, Holder and Cesaro ^ . In 
this paper it is presented slightly different and more indirect answer more related 
to the problem of exact determining rather than to the problem of redefining the 
sum itself of indefinitely divergent series. It is more indirect because the fundamen- 
tal conclusions will be based on the results of the complex analysis theory, more 
exactly, on contour integration of the functions of a complex variable. In this case 
also, a proper attention will be paid to the mathematical expressions reducing, in 
the boundary case, to an indefinite expression of difference of infinities c» — 00. 



2. The main results 

2.1. Contour integration and improper integral. The concept of an improper 
integral absolute existence of a meromorphic function f (z): ; C - is the 

set of complex numbers, clearly in the case when the singularities of the function lie 
onto the integration contour, is based on concept of total value (v.t.) of an improper 
integral of a meromorphic function which is defined to be the sum of Caushy's 
principal value ( v.p.) and Jordan's singular value ( v.s.) of an improper integral 
of a meromorphic function f{z). Jordan's singular value (v.s.) of an improper 
integral of a meromorphic function is defined to be a limiting value, as e ^ 0"*", 

of an integral of the function / (z) over a certain part PQ of a circular path of 
integration G^: = {z \ z (9) = ee*^; 9 G [0, 27r]}, bypassing a singularity of the 
function, where the points of the complex plane; P and Q, are intersection points of 
the circular contour G^ and an integration contour G, i- denotes an imaginary unit 
and e- is a base of natural logarithm. In fact, in other words a concept of improper 
integrals absolute existence of meromorphic functions generalizes the fundamental 
concept of improper integrals convergence (existence). 

By results of both so-called Jordan's lemma - Theorem 1, Subsection 3.1.4, Sec- 
tion 3.1, Chapter 3, p. 52, Q - and the fundamental Caushy's theorem on residues 
- Theorem 1, Subsection 3.6.2, Section 3.6, Chapter 3, p. 226, |4| - the sum of 
Caushy's principal value (v.p.) and Jordan's singular value (v.s.) of an improper 
integral of a meromorphic function / (z) whose only singularity (simple pole) lies 
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onto closed integration contour G, can be proved to be|^ 



(2.1) v.t.J / (z) dz = v.p.J f (z) dz + V.S.J f (z) dz 



O 

v-P-J f {z)dz + 
G 



(2tt ~a)A ~ \ i2TrA 



where a is an absolute value of an angular difference of arguments of intersec- 
tion points; Q and P, with respect to the point zq, respectively, in the limit 
as e ^ O''", and A is a residue of the function / (z) at the point zq, that is; 
A = lim (z — zo)/(z), on condition that such limiting value exists, P| and M. 

In this emphasized distinguished from Caushy's principal value (v.p.), Jor- 

dan's singular value (v.s.), just as well as the total value (v.t.), of an improper 
integral of a meromorphic function f{z), are not uniquely defined ones, already 
they depend upon the choice of the part of a circular path bypassing the singular- 
ity of the function. 

In the case when the singularity of the meromorphic function / (z) at the point 
Zq is a pole of a higher order, the conclusion essentially differs from the preceding 
one. Namely, in that case, both the Caushy's principal value (v.p.) and Jordan's 
singular value (v.s.) of an improper integral do not exist in the limit as e — > 0"*". The 
improper integral reduces to an indefinite expression of the difference of infinities 
oo — oo. Thus, as for the meromorphic function z i—> -. — where k > 2 

(k e N) and A'^ is a set of natural numbers, the improper integral along an any 
closed integration path passing through the point zq absolutely exists and its unique 
total value {v.t.) is identically zero. This is in agreement with both the general 
Caushy-Goursat's integral theorem - Theorem 1, Subsection 3.5.2, Section 3.5, 
Chapter 3, p. 203, 0| - and the results of contour integration of rational functions 
- Subsubsection 3.1.2.3, Subsection 3.1.2. Section 3.1, Chapter 3, p. 46, Now 
then, in this emphasized case, a sum of values of integrals of meromorphic function 
/ (z) over a part of any integration path G between intersection points as well as 

over the part PQ of circular path G^, is identically zero for each e. Since choice of 

an arc path; PQ or PQ, bypassing a singularity of the function is arbitrary, the 
above-mentioned unique sum remains zero in the limit as e — > 0+. 



2.1.1. Example. Let the part of an integration path between points; P and Q, be a 
part of circumference of a circle centred at the orgin and of radius a: a G R\_ {R\- 
is a set of positive real numbers) and a be also a singularity of the function / (z); 
/ (z) = - — ^-rpr, k* > 2 and k* 6 N. Then, an integral of the function / (z), over 

[z a) 

the part of a circular integration path G from the point P to the point Q which 



o 

^Symbol J denotes an integration over the closed contour of integration G, in this case in the 
G 

positive mathematical direction 
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dose not contain the singularity a, reduces to the integral 

27r — Q* 



(2.2) 



(ae*^* - a) 



-de* 



{-^r 

(2a)'+' 



cos [kd) 
(sin0)'=+' 



de -i 



sin (fee) 



de 



where a* is an argument of the point P with respect to the origin (a = = ^ 
and fc = /c* - 2 (A: G N^; Nq = {0, 1, 2, ...}). 

As results of partial integration the following integral dependencies are obtained; 



(2.3) i{l + k) 



2ae 



2iS 



(ae 



2i9 



Nfe + 2 



de 



—I 

2a 



k+l 



COS ikO) 
{sine)'' 



cote* 



and 



sin (ke) 
(smt') 



de 



(2.4) 



I sin[(fc + 1)6'1 ,^ cos(ke) 
{k + 2) I rr^de ^ -2 cot ( 



(sin ( 



\k+3 



(sin( 



(sin 6')''+^ (sin 6')''+^ sin ( 



As, in this emphasized case, 2a sin a = e a by-pass integral value is; 

^■+a 

„-i(k+l)ejn ) 

2(^1)" cos[(27i+l)a] 



f (—1)" sin(2na) ,7 rj 

/2 c;^ p-(k+l) I p-^C^+l)^^^ - J " (2a sin q)^"' " ^ „^N 
l^-OJ £ / ac — < 2(-l " cos (2n+l a , „ , t JV . 



-(f+") 



2n+l (2asina)2" + i ; ^ " 2?T- 



By the comparative analysis of preceding equalities it can be easily shown that 
if the sum of the integral value of the function / (z) over the circular integration 
contour G from the point P to the point Q and the by-pass integral value, for 
arbitrarily chosen a and fc = 2n — 1 respectively, is identically zero, just as well 

IT — a 

as the value of the integral / de for A; = 2?! — 1, see the equation (2.4), 

a 

then for fc = 2ri — 1 and n E N it holds 

(2.6) Y^n^^^^ Isii^^ 

J (smt^) n (sma) 
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Since the second integral on the right-hand side of the equation ( |2.3| ) is identically 
zero for k — 2n, then in view of the preceding result (|2.6D it follows that 



2ae^'^ ,^_2 (-1)" I - cos [(2n + 1) 



^'■'^ 1 (ae--af"-)''^^\ (2asin«)-- / ' " " 

If one considers the fact that, for a corresponding natural number n (n G N)^ the 



sum of functional expressions on right-hand sides of relations; (2.5) (for k ^ 2n 



and (2.7), is identically zero for arbitrarily chosen a, then the sum of integrals on 
the left-hand sides of these equations is identically zero too. Thus, the improper 
integral of the function / (z) along the circular contour of integration G absolutely 



exists and its total value, as limiting value of a sum of integrals (2.2) and (2.5) as 
a — > 0+, is identically zero for each k* > 2 and k* G N, and what has been just 
proved by method of a mathematical induction|^. ▼ 

Comment: As it has been just illustrated by the previous example, the concept 
of an improper integral absolute existence is more general concept with respect 
to the concept of an improper integral convergence. This is in connection with 
indefinite expression of the difference of infinities oo— oo to which the improper 
integral value is reduced in a boundary case. Namely, independently from the 
fact that the improper integral absolutely exists, in some of the concrete cases 
its principal value does not exist. Hence, by introducing a by-pass integral into 
the analysis the concept itself of improper integral convergence (existence) is 
generalized to the concept of improper integral absolute existence. T 

2.2. Fourier trigonometric series of real valued meromorphic functions. 

2.2.1. An analysis of an idea. Without loss of the generality, one may assume that a 
complex meromorphic function g (z, t), where the variable t is independent one with 
respect to the complex variable z, has infinitely but a count of many simple poles; 
ai,a2,... onto the imaginary axis of the complex plane C^. In that emphasized 
case, there exists a sequence of circular contours of integration G^, centred at the 
origin and of radius r, such that onto theirs boundaries there are no singularities 
of the function g {z,t). Hence, by the fundamental Cauchy's theorem on residues 
the sequence of the partial sums can be formed 

n ^ 

(2.8) J2^k{t) = ^ fg{z,t)dz, 

where A^. {t) : A^. (t) = Resg (z, t), are residues of the function g (z, t) at the points; 
z = ak, k ^ 1, 2, n. 



^For k = and k = 1 i.e. k* = 2 and k* = 3, on the basis of the relation (2.3) it holds 

2ae-'"' M _ cotQ i r 2ae-"<' 

{ae2^o_,)k+.dO - — and J j^^^^-^ 



-j^de = -£2LS and f , iT sk+-> dd = ^r^, respectively. From the relation 



(2.5), the values of by-pass integrals, in these emphasized cases, are equal to.- ^ / €-'"(16 = 

f +a 

° and J e~^^^d6 = respectively. Accordingly, the total value of improper 

-(f+") 

integral i J - — ^^dg* ^ js identically zero, for both k* = 2 and fc* = 3. 

o ("e'" -a) 
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On the one hand, on the basis of the second Jordan's lemma - Theorem 2, 
Subsection 3.1.4, Section 3.1, Chapter 3, p. 52, |^ - if there exists an unique 
hmiting value; lim [zg {z,t)]; for each z C^, then the sequence of the partial 

\z\^+oo 

n 

sums ^ Ak (t) converges, in other words there exists a sum of the infinite functional 

k=l 

series J2 (t) in the Cauchy's sense; 

k=l 



(2.9) 



+ 00 



fe=l 



Ak (t) 



Res g{z,t), 



lim r g (z, t) dz 

■^+00/ 



-2m lim [zg{z,t)]. 



where 27ri Res g(z,t) 

However, on the other hand, by the same Jordan's lemma, if there exists no an 
above mentioned limiting value; lim [zg{z,t)]; for each z G C^, already there 

\z\ — *+oo 

exist only partial limiting values; lim [zy (z, t)]; Re z > and lim [zg(z,t)]; 

\z\ — >4-oo \z\ — >+oo 

Rez < 0, then there exists a infinite sum of the residues of the function g (z, t) that 
is equal to the limiting sum of integral values; 



(2.10) 



+00 ^ 



k=l 



lim 



g{z,t) dz + J g{z,t) dz 

G« G: 



where the integral paths; = {z | z {6) = re*^- 6 e [-f +S{r),^-5 (r)] } and 
= {z I z (6*) = re*^; 6* G [^+6{r) ,^-6 (r)] }, are arc parts of the circular 
path of integration Gr in the right-hand and left-hand half-plane of the complex 
plane C^, respectively, and an arbitrary angular function S{r), which is of suffi- 
ciently small real positive values for any positive values of r, satisfies the condition; 
lim 5 (r) = 0. In other words, although in this emphasized case there exists 



+00 



no a sum of the infinite functional scries Ak {t) in the Cauchy's sense, this 



fc=i 



4-00 



infinite functional series is summable. Note that in this case too; ^ Ak {t) 



k=l 



Res g (z, i), where 27rz Res g{z,t) = — lim 

z\ =+oc |z|=+oo r^-l-cxi 



J g(z,t)dz+ Jg(z,t)dz 



2.2.2. Cauchy's formula. As it is well-known, during the deriving Caushy's formula 
for expansion of real valued functions into an infinite functional series, and [|| 
(taken over from j^]) - Formula (9), Subsection 4-6.2, Section 4-6, Chapter 4, P- 
94, - in a real axis interval {to,ti) 

(2.11) / it) = E / '"''"^'^ ^-' ' + 

fe=l dz \z=o-k ■'^^ 
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where tsi are break points of the function t ^-^ f it) in (to,ti), the conditions for 
existence of finite hmiting values of the functional expressions.' 

(2.12) lim 

\z\^ + QC 



q{z)J q{~z) 

tn tn 



(2.13) 



lim 



^i^-r)j^r)dr-z^^je-<'-^^f{T)dr 



which have to be satisfied by the function t ^ f (t) in {to,ti), are of the most 
importance. 

Namely, let g, (z, t) = ^Je^i^-^f (r) dr and 32 {z, t) = ^/e-(*-)/ (r) dr, 

to t 

where an analytic function q{z): q{z) = p{z) -\- w {z), has infinitely but a count 
of many simple poles; 01,02,... onto the imaginary axis as singularities. If un- 
der an assumption that; lim E^fje^*^*"*"-' = and lim = 1 as well as 

lim ^l^'^} e^^*!"*) = and lim ^^4^ — 1, the following functional expressions; 

t tl 

lim z J e"^^'^^*'')/ (r) dr and lim z J e~^(*i"'^)/ (r) dr, converge for each Re z > 

t 

and t e (to,ti), just as well as functional expressions; lim z J e^^'^'^'^V (''') d''' 

+ to 

tl t 
and lim zJe~^^'^^*^f{T)dT, in such a way that; hm z ^ e'^''''*'^'^'' f [t) dr = 

\z\~*+oo t IzH + oo 

tl 

f {t) and lim z/e^^^"^^*^/ (t) rfr = /(t); t ^ tsi, then on the basis of previous 

z|-» + oo ( 

analyzed idea it can be proved that at all points of (ioi^i), at which a function 
t ^ f {t) is continuous, there e xists a sum of an infinite functional series on the 
right-hand side of the equation ( ^.11 ) which is just equal to the function values at 
those points, more exactly, in the general case, Cauchy's infinite functional series 
of the function t ^ f [t) is summable. 

If a function t 1-^ f (t) satisfies the general well-known Dirichlet 's conditions 
in (io,ti), then partial sums of Cauchy's infinite functional series of the function 
t 1-^ f [t] at all points of {to,ti), at which the function t ^ f (t) is continuous, 
converge to the function values at those points Q . At the break points tsi of the 
function t f (t) in (to 7^1) the partial sums of Cauchy's infinite functional series 
of the function t ^ f {t) converge to the following functional values S 



(2.14) 



lim / {tsi + e) + lim / [tsi - rf) 

£-►0+ j;^0+ 



At the extreme points of the segment [to,ti]; to and ti, at which a function 
t / (t) is continuous on one's right and left respectively, the sum of Cauchy's 
infinite functional series of the function t ^ f (t) is equal to the following functional 
value 



(2.15) 



lim /(to + e)+ lim /(ti-T?) 

e^0+ j;^0+ 
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2.2.3. Interval of improper integrals convergence of real valued functions. Let >— > 
/ (i^), be an analytic function of complex variable on some neighborhood Vq of 
the point v = at which the function v ^ f {v) has a pole of arbitrary order as a 
singularity. A function v i— > f (y) e~^'^^~^\ where z S is a complex parameter 
and t G R\ (Re v — t)is fixed point belonging to the neighborhood Vb, is parametric 
analytic function on Vq. Further, a smooth one-one mapping v{9): — > 



_ t-tg „ie 



to+t 
2 



) of the real axis segment [— 7r,0] {0 G [— 7r,0]) onto the set 



of complex points v of the complex plane is defined. A fixed point Re v = to 
{to < 0) also belongs to the neighborhood Vq of the zero point — 0. An arbitrary 
n-division P„; P„ = {^o = —n,6i,...,6i,...,6n = 0}, where n e A^, is one of all 
possible n-divisions of the segment [— tt, 0]. 

Accordingly, since a complex function / [v {9)] e^^I'^"^*^^)! of a real variable is a 
regular that in the segment [— 7r,0], and in those circumstances its both a real and 
an imaginary part satisfies all conditions of Langrange 's mean value theorem of the 
differential calculus in the segment [— tt, 0], then, for each partial segment [6',;_i, Oi] 
of the segment [— tt, 0], it holds 

d_ 

de 



(2.16) 



Re 



Re {/ [v (61,)] e-^[*-''(«')l } - Re {/ [v (6i,_i)] e-^[t-''(»-i)l } 



(2.17) Im|{^{/[.(e)]e-[*-^Wl}||.... 

_ Im {/ [v {Oi)] e-^\t-<s^)\ } - Im {/ [j/ (6',_i)] e-^[*-''(».-i)l } 

9i — Oi-i 

where {619**} & [e^-l,9,]. 

By virtue of ( |2.16| ) and ( p. 17 ), it is possible to form the integral sums 



(2.18) 



ERe{{^{/[.(^)]e-^[-(«)l} 



Re[/(t)]-Re f (to) 



-z(t-to) 



(2-19) Elni{{^{/[-(e)]e-^[*-^(^)l} 

= Im[/(t)]-Im[/ (to)e-"(*-*"' 
that is, after the performed differentiation 

(2.20) ^ Re 1 1 A/ (0)] e-[*-(«)] | |,^,. | (^^ _ e,_,) + 

n 

+ERe{{z/[z.(0)]e--[*-''(«)l} \g^g; } (9,-9,^,) = 
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Re[/(t)]-Re / (to) e 



'Z{t-to) 



-0^-l) + 



(2.21) Elm|{4/[^(e)]e 

n 



Im[/ (t)]-Im [/ (io)e-^(*-*") 



Having in view the fact that [9) — ^-^e + ^^y^, it is possible to define an 
interval (a semi-interval) of a change of the argument tp: (p € R^, oi the complex 
parameter z, for which it holds: lim e^^I*^'^^^)! = 0; 6 G (— 7r,0). Namely, since 

for Rez^Q 



(2.22) 



z[t-v (61)] = z 



1 



t — ivi\ r„ , f Imz sin 

^ [Re.(l-cos.)] 1 + — ^ 



cos 6* 



+i [Im 2 (1 — cos 0) — Re 2 sin 6*] 



then, if the condition 
(2.23) Rez(l 

is satisfied, it follows that 
In view of the fact that 



1 



Im z 



> 



Rc z 1 — cos ( 
lim e-^[*-''('')l = 0; 61 e (-tt, 0). 



1 — cos t 



cot ■ 



tan' 



and fi^ 

He z 



tan(/3, the 

condition ( |2.25 ) is satisfied if and only if ip G (^fiO], in other words for each 
p G (-f ,0] it holds lim e-'-^*-"^"^^ = 0; 6* G (-7r,0). 

\z\^+oc 

Hence, and on the basis of derived relations; ( |2.20| ) and ( 2.21 ), in the limit as 
n ^ -|-cxD, more exactly, when a maximum partial segment [0i-i,6i] of the segment 
[— TT, 0] vanishes, the condition </? G f ,0] becomes a condition of convergence of 
a parametric contour integral 



(2.24) 



lim z f{v)e-^^*-''Uv^ fit), 

\z\^+oa J 
G 



where G ^ {v \ ^^e*^ + ^2±* } and 61 G [-tt, 0]. 

In other words, the semi-interval (— f ,0] is a semi-interval of a complex para- 
metric contour integral convergence of the function / {u) e"^^*^'') along the given 
contour of integration G, in the limit as \z\ — > -l-oo. 

In the next step, instead of the above integration path G, a complex plane 
curve G* consisting of parts of real axis defined by segments; [to,— e] and [e, t] 
(e G R\.) as well as of a part of a circular path defined by a smooth one-one mapping 
v(0): {0) = ee'^) of the segment [— 7r,0] of a real axis onto a set of 

points of the complex plane, is taken for a contour of integration. The integral 
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J f{v)e. '^^dv, defined over the integration contour G* ~ {^v \ v [9) = ee*^} 



bypassing a singularity of a function / {v) e^^'^*-^"^ at the point = 0, is a by-pass 
integral In this case too, similarly to the previous analysis, it is possible to define 
an interval (a semi-interval) of a parametric contour integral convergence of the 
function / {v) e"^^*""-*. Namely, since in this case 



(2.25) 



z[t-v[e)\ = z[t-£{cofie + isine)] 
= Re z (t — e cos 9) -\- e Im z sin 9 + 



+i [Im z {t — £ cos 6) — e Re z sin 9] , 
then the condition ( ^.23| ) , for the contour of integration G, reduces to the condition 



(2.26) 



Re; 



it 



e cos ( 



Im z , 

e sm ( 

Re z 



> 0; Rez > 0, 



for the contour of integration G*. 

In view of the fact that t > e > 0, there exists a positive real number k: k G R\, 
such that t = {1 + k) e. Hence, the condition (2.26) reduces to the condition 



(2.27) 



e Re z [A; + (1 - cos ^^) + tan (p sin 9] > 0; Re z > 0. 



As |sin0| < 1, for 9 e (— tt, 0), the condition ( p. 27 ) is satisfied if and only if 
ip e (— f , arctanfc] , in other words for each ip e (— f, arctan/c] it holds 



(2.28) 



lim z I f {v)e-'''^^-''Uv = Q. 

\z\ — *+oo 



On the other hand, since the real meromorphic function / [(Re v)] satisfies in 
the semi-segment [iojO), as well as in the semi-interval (0,t], general well-known 
Dirichlet's conditions, [0| and [H|, then, for each Rez > 0, it holds.' 



lim z//(r)e-^(*-^)dr = Oand lim z J [t) e-'-^^-'^Ur = f {t) , 



to 



respectively, where r = Rei^. Therefore, the semi-interval (— f, arctanfc] is a semi- 
interval of convergence of the parametric contour integral 



(2.29) 



lim z / f {v)e~'^^'''Uv ^ f [t) 

\z\^+ca 



Taking into consideration the fact that in the limit as e ^ 0"'" and for each t>0: 
k — > -)-cxD ( i = (1 -I- fc) e), the interval (— f , f ) {'p G (~f : f )) becomes an interval 
of convergence of an improper integral 



(2.30) 



lim 



v.t. f (t) e-'^'-^Ur 



= f{t) 



absolutely existing in the segment [to,t]; t > 0. In other words, for each Rez > 0, 
it holds ( pel ). 
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In the similar manner it can be proved to be 



(2.31) 



lim z 

|2 I — * + CX2 



v.t. / /(T)e~^(^^*«)dT 



/(to), 



for each Rez > and t > (t G (ioi ^i)- 

Comment: It should be emphasized that as distinguished from limiting values 
of contour integrals; 

lim z\ j {v) e-^^^-^^di^ and lim z [f (i^) e-'^^'^^diy, 

G G' 

which are equal, their intervals of convergence are different. T 

2.2.4. Fourier formula. Based on the results obtained by previous analysis one may 
say that in addition to a class of real valued functions satisfying so-called general 
Dirichlet's conditions in the real axis segment [ioi^i]) for which the functional ex- 
pressions; ( 2.12 ) and ( 2.1S ), converge for each Rez > 0, there exists an one 
other class of real valued functions for which Cauchy's formula is still in effect, a 
class of the real valued meromorphic functions whose finitely many isolated singu- 
larities lie onto the segment [io,^i]- 

From Cauchy's formula, and for p{z) = —1 and w {z) — e"^ (a G R^) i.e. 
q (z) = ef^ — 1, it is immediately obtained that for ii— a<<<io + a and t ^ tsi 

ti 



(2.32) 



/(<) = - 
a 



v.t. fir) dT 



r, 4-00 

k=l 



V.t. 



J (r) cos dr 



If a = 27r, to = — TT and <i — n, then the equation ( 2.32| ) represents an expansion 
of a real valued meromorphic function t t—^ f (t) into a Fourier trigonometric series 
in the interval (— 7r,7r), more exactly, for each — tt < t < tt and t ^ tsi, where tsi 
are break points of the function t ^ f {t) in the interval (— tt, tt), it holds 



(2.33) 
where 
(2.34) 

and 
(2.35) 



^ +00 

/ {t) = 7;Ao + Y, COS (fct) + Bk sin {kt)] 



k=l 



A,.. 



v.t. I / (r) cos (fcr) dr 



v.t. I f (r) sin (fcr) dr 



keNo 



ke N. 



Comment: According to the well-known result of Dirichlet's theorem, see - 
Theorem 1, Section 5.4, Chapter 5, p. 65, |^ - in the general case of a 
class of real valued functions t ^ fd (t) satisfying the general Dirichlet 's 
conditions in the segment [— 7r,7r], the Fourier trigonometric series on the 
right-hand side of the equation ( 2.33| ) can be said to converge to a function 
Fd{t). Clearly, at all points of the interval (— tt, tt) at which the function 
t ^ fd (t) is continuous, a convergent value of Fourier series is equal to 
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the function value: Fd (t) = fd (t). Considering the consequence of whether 
Bessel's inequahty |^ or Riemann-Lebesque's theorem - Theorem 2, Section 
6.2, Chapter 5, p. 96, [| - Fourier's coefficients of the function t ^-^ fd (t): 
Ak and Bk, tend to zero as fc ^ +oo. This is important from the viewpoint of 
the convergence of infinite numerical series obtained by expansion of functions 
t ^ fd {t) into Fourier trigonometric series. Note that the conditions of 
Dirichlet's theorem are only sufhcient conditions for convergence of Fourier 
trigonometric series of functions t^^fd [t] . 

A nature of Fourier trigonometric series convergence of a class of real 
valued meromorphic functions t f^ {t), whose finitely many isolated sin- 
gularities lie onto the segment [— tt, tt], can be said to be different from a 
case to a case. The same holds also for Fourier's coefficients of a function 
t ^ fm it) in the limit as /c ^ +oo. Namely, in the general case of real 
meromorphic functions t i— > fm{t), at all points of the interval (— 7r,7r) at 
which a function 1 1— > (t) is continuous, Fourier trigonometric series of the 
function t i— > /,„ (t) is summable, more exactly it has defined sum Fm (t): 
Fm (t) = /,„ (t). The concept of the sum of Fourier trigonometric series, in 
this case, is generalization of the concept of the sum in the Caushy 's sense. 
At the break points tsi of the function 1 1— > /,„ (t) in the segment [— tt, tt], the 
sum of Fourier trigonometric series of the real valued meromorphic function 
1 1—^ fm (t), in the general case, is not defined. T 



3. Examples 



3.1. Example 1. An expansion of the function 1 1 



1 sin t 



into a Fourier trigono- 



metric series in the segment [— 7r,7r]. The function f (t) — ^ x"cost having at the 
point a simple pole as a singularity is a real valued meromorphic function in the 
segment [~tt,tt]. Caushy's principal value (v.p.) of an improper integral of the 
function / (<) is equal to; 



(3.1) 



v.p. / / (t) dt 



— lim 



sini 
1 — cos t 



-dt 



sini 
1 — cos t ' 



-dt 



= 0. 



As lim 



2 1 — cos z 



1; z G C^, the by-pass integral value in the limit as £ ^ 0^ 



{Jordan's singular value ( v.s.) of the improper integral) is equal to; 

1 sinz 



(3.2) 



lim 

6^0+ 



2 1 — cos z 



-dz 



—in; K = 1 
iir; K — 2 



dependently on the choice of a circular arc Ge^ bypassing the singularity of the func- 

[~n,0];K = l 
[7t,0];k = 2 

The total value (v.t.) of the improper integral, as a sum of Caushy's principal 
value (v.p.) and .Jordan's singular value (v.s.): 



tion / (t) in the complex plane; G^^ = < z \ z = ee 



(3.3) 



1 



v.t. / / (t) dt 



271 



-v.t. 



sint 
1 — cos t 



-dt 



—I 
i 



absolutely exists in this case and as one can see is not unique. 
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On the other hand, since - [ — / 1 V dt — 1: k ^ N - Formula (6) Section 

' sin(it) ' ' ^ 



6.2, 



Chapter 6, p. 95, (|] - and ^ / cos (kt) dt = 0; fc e N, as well as linizSi^ 



z cos(kz 



then it follows that 
(3.4) Bfe 

as well as 



1 f sin t sin (kt) , 
TT 7 2(1 - cost) 2 



7r 

1 /■ i 

— u.i. / cot - sin (kt) dt = 1; fc G N, 
In J 2 



(3.5) 



Ak = -v.t. 



sin t cos {kt) 
2(1 - cost) 



dt = 



; fc e TV, 



Accordingly, and by the Fourier formula ( ^.33 ), a Fourier trigonometric series 
of the function t ^ h-r^^^rzzj can be expressed by the following functional form 



(3.6) 



2 1 — cos 

1 sint 



2 1 — cos 
that is, the equalities 
1 sint 



- = ^ sin {kt) T - 



k=l 



1 + 2^ cos {kt) 



+ 00 



+ 00 



(3.7) 



2 1 — cos t 



= sin {kt) and 1 + 2^^ cos {kt) — i.e. 



k=l 



fc=l 



1 1 -e 



±it 



2 1 — cos t 



k=l 

hold for each t £ (— 7r,7r) and t ^ 0, respectively. 
By relation ( p. 15 ), for t = ±7r, it follows that 

(3.8) 



±ikt 



-\-oo 



sin {kir) = and 1 + 2^ cos {kir) = 1 + 2^ (-l)*" = O.T 



fc=i 



fe=i 



k=l 



3.2. Example 2. An expansion of the function 1 1— + ^ i-cost ^^^'^ ^ Fourier trigono- 
metric series in the segment [— tt, tt]. The real valued meromorphic function / {t) = 
\ i-cost segment [— tt, tt] has the second order pole at the point t = as 

TT 

a singularity. The improper integral ^ / absolutely exists and reduces to 

— 7r 

the indefinite expression of difference of infinities cx) — oo. Namely, independently 
on the choice of the circular arc bypassing the singularity z = of the function 
z I— > ^ 1-COS2 complex plane (for example = {^z \ z = ee*^; 9 G [— tt, 0]}), 

on the one hand it holds 



(3.9) 



1 



-v.t. 



dt 



1 



lim 

1 — cost 2 6^0+ 



dt 



dz 



1 — cos t J 1 — cos z 



dt 



1 — cos t 



lim 

£^0 + 



sine If dz 



1 — cos e 2 J 1 ~ cos z 

G, 
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On the other hand, since - see Definition 4, Section 2.2, Chapter 2, p. 82, 



(3.10) 

that is 
(3.11) 



dz 



de 



1 — cos z J I — cos [z {9)] 
dz sm[z{6)] iQ 



de 



lee 



i9 



1 — cos (ee'^) 

— 7r 

sin(£e*'') IP 2 sine 



1 — cosz 1 — cos [z (6*)] ' " 1 — cos(£e*^)' ^ 1 — cose' 



dt 



then finaUy it foUows that the total value {v.t.) of the improper integral J 2(i-cost) 

— TT 

is equal to the value zero; 

IT 

dt 



(3.12) 



v.t. 



2(1 - cost) 



0. 



The complex function z i— > ^^j,' k d N of complex variable z is a mero- 
morphic function having at the point 2; = 1 a simple pole as singularity. Since 
lim (z — 1) = 1 then, according to the result ( ^.l| ) in the Section 2.1 of 

the paper, Cauchy's principle value {v. p.) of the improper integral J -^^dz over 

the circular contour of integration G: G = {z \ z = ee'^; 6 G [— 7r,7r]} is equal to; 
v.p.J-^^dz — i-K. 

With regard to the fact that z — ee*^ onto the integration contour G, it follows 
that 



(3.13) v.p. I -dz — v.p 



z - 1 



1-e- 



jd0 = v.p. 



i cos (kO) 
2(1 - cosO) 



dO- 



i cos [(fc + 1) I 



2(1 - cost 



-de 



since v.p. J g" ^ d6 = and / sin {k9) dO — 0; for each k & N. 

On the other hand, for k G N: lim [zcos(A:z)l = and — q 

According to the result of Jordan's lemma - Theorem 1, Subsection 3.1.4, Section 
3.1, Chapter 3, p. 52, H - it holds 



(3.14) 



lim 

27rie-^o+ 



lim 



cos {kz) — cos [{k + 1) z] 
2(1 — cos z) 

sin [kz) sin z 



cos {kz) 



(1 — cosz) 



dz 



dz — 0, 
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where the singularity z of the meromorphic function z ^ i-cosz bypassed 



by the parts G^^ : 



[7r,0]; « = 1 
[-TT, 0] ; K = 2 



, of a circular path 



of integration; = {z | z = e'®; 9 E [— 7r,7r]}. 

Finally, from results; (3.13) and (3.14), the integral equation is obtained 



(3.15) -v.t. 



cos {k9) 
2(l-cos^ 



-de 



cos [{k + 1) 0] 
2(1 - cos 6*) 



d0 



and that is in agreement with result ( |3.4| ). 

Further, since cos (20) = 1 — 2 (sin0) , it follows that 



(3.16) 



v.t. 



cos (26>) 
2(1 -cos^ 



-d0 = v.t. 



d0 



2(1 - cos 6*) 



(sin^ 



1 — cos ( 



-de 



71 

that is -^v.t. J 2n°^cos e'l ~ view of the results; (3^) and ( 3.12 ). 



Consequently, considering (3.15) it has been just proved by a method of mathe- 
matical induction that for each k E N it holds 



(3.17) 



1 

Ak = -v.t 



cos (fct) 

2(1 - cost) 



As for an improper integral J 2('i-cost) total value (w.i.) reduces to the 

value of by-pass integrals / 2^^~^^^dz in the limit as e —> 0+. Taking into 



account that for each k E N: lim 



z sin{kz) 

^"^Q 2(1 — COS z) 



k, it follows that 



(3.18) 



lim 



Bk = -v.t. 



sin (fcz) 



7re^o+ J 2(1 — cos z) 



-o?z 



sin (kt) 
2(1 - cost)' 

— ifc,' K = 1 

ik; K — 2 



ke N. 



Therefore, Fourier trigonometric series of the function t 



2 1 — cos t 



in the seg- 



ment [— 7r,7r], according to results: (3.12) and ( 3.17| ) as well as ( [3.18| ), can be 
expressed by the following functional form 



(3.19) 



1 1 



+ 00 



+ 00 



+ C30 



2 1 — cos t 
that is, the equalities 
1 1 



-^^fc cos (kt) =F i^^fc sin (kt) — — y~^fce 



±ikt 



k=l 



k=l 



k=l 



-f-oc 



2 1 — cos 



- = — ^^/ccos(fci) and ^^fcsin(fc<) = 0, 



(3.20) 

Z I — COS /, 

fe=l k=l 

hold for each t e (— 7r,7r) and t 0, respectively. 
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In the extreme points of the segment [— tt.tt], from (2.15), it foUows that 



+00 



(3.21) ^fccos(fc7r) = ^fc(-l)'' = and ^fcsin(/c7r) = O.T 

fc=i fc=i fe=i 

Comment: By an expansion of the real valued functions of real variable t: 



sint . _ ^ U| ^ _ \ b; Tq <t < TT 



0; \t\ < To 



; To > 0, 



a; — TT < t < —Tq 



satisfying Dirichlet's conditions in the segment [— 7r,7r], into Fourier trigono- 
metric series, it is obtained that 



+00 



fe=i 



1 f sin T 



IT J 1 — cos T 

TO 



sin (fcr) dr 



sin(fci) ; \t\ £ (ro,7r) , 



(<) = ^ f j adr + Jbdrj I J asm{kT)dT + Jbsm{kT)dT 



sin (kt) 



that is| 
(3.22) fit)-- 

(3.23) 



a cos {kT)dT + J b cos (kr) dr 

To 



E 

k=l L 



I + --2E 



cos(fcf) > ; |<| e (ro,7r) 



fe-i 



sin(KTo) sin(fcro) 



K=0 



a + b a + b 



kn 



sin (fcrg) 



sin (fct) ; |f| e (tq, 7r) 



2 ^ fcro 



cos (kt) 



To 



■^By the well-known trigonometrical equalities.- sin[{fc + l)t] = sin (fct) cos t -|- cos (fc4) sin t 



and 



itsin[(fe + l)t] 



■ sin (fct) + (1 -I- cos t) cos (fct), as well as sin (fct) cost 



2 {sin [(fc — 1) £] + sin [(/c -t- 1) t]} and cost cos (kt) = I {cos[(fc - l)t] +cos[(fc + l)t]}, the fol- 
lowing recurrent formula for Fourier's coefficients of the function f (t) in the segment [— vr, tt] is 
obtained 

TT 7r 

1 ^ sin t sin [(fc -f 1) t] 1 / sin t sin [{fc — 1) t] 2sin(fcTo) 



1 — cos t 



1 — cos t 



sin [(/c + 1) to] sin [(A; - 1) to] 



; k€ N 



(k + l)7r (k-l)Tr 
On the other hand, for k = 1, that is, for fc = 2, it holds; — f (°'" — L f (i -i^ cost) dt = 

' ' ' ' TV J 1 — COS t n J ^ ' 

TO TO 

1 TQ sin TQ Ic 1 r sin(2t)sint ^^ _ 2 f n i „„„ -^^ „„„ - 1 tq q sin tq sin(2To) 



la, that is, 1 f S}}}imilRldt = ^ f (1 + cost) COS tdt = 1 - :a _ 2SHmi 

' ' 7r J 1 — cost TT J ^ ^ TT TT 

TO TO 



respectively. 
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b ~ a 



^[cos(fcro)-(-l)^ 



sin {kt) 



; \t\ e (To,7r) . 



k=l 



From the functional relation (3.23) it follows for a — h, \t\ G (tctt) and 
To > that 



(3.24) 



(3.25) 



sin (fcro) 



2 ■ ^ 



cos (fct) = 0. 



Thus, for t G (tq, tt) and tq > it holds 



|=^[cos(fcro)-(-l) 



A;=l 



sin {kt) 



that is 



+ 00 



(3.26) 



E sin (fci) -K t 
cos(fcTo) 7 — = - - -; i e (ro,7r) , 



fc=i 

since for f G (— tt, tt) 



2 2' 



(3.27) 



EM) 

fc=i 



sin (kt) 



On the other hand, taking into account the fact that 

Y^sin(KTo) sin(fcro) 



lim 



1 



TT 



K=0 



kn 



0, 



see the last Comment in the preceding Section of this paper, finally it follows 
for To G (0, tt) that 



(3.28) 



+ 00 . /, N 

Esm [ktq) 
k 

k=0 



TT 

2 



To 

2 ■ 



Since a real parameter tq takes any value from the interval (0,7r), even 
if that is finitely small value , it wo uld b e reasonable to a sk.- Whether the 
functional expressions.' ( 3.22| ) and ( 3.24 ) as well as ( 3.25 ) and ( |3.26 ), hold 
in the limit as tq — > 0^? In other words; Are the limiting values of sums, 
in these emphasized cases, equal to sums of limiting values of the functional 
expressions, as tq 0+, respectively? On the basis of previously derived 



^ sin[(2fc-l)t] . r 
2fe-l ' 



results in the Example 1 and of the above obtained result (3.28) as well 
as of the well-known result of the series theory.- ^ = 

k=l 

t € (0, tt), 0, an answer to the former questions is yes. However, the problem 
of generalization of a preceding conclusion stays open and can be a subject 
of a separate analysis. 



Similarly, since 

sin t 



2(l-cost) 



^ = -2(ra) and |{iln[2(l-cost)]} = 

2(i-cost) ^'^^ 1^1 ^ then closely related to results.- ( |3.7| ) and ( 3.20|) , of the 

paper, as well as to the well-known result of the series theory; — ^ In [2 (1 — cos t)] 



Ecos(A;r) 
k 

fc=l 



, for \t\ G (0, tt), Pi, is the following question; In which general cases 
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the derivative of a sum of infinite functional series is equal to the sum of the 
derivative of any series member, separately? 

This question also stays open for a separate analysis. T 

4. Conclusion 

Taking into consideration the fact that obtained results are theoretical news, one 
can say that the certain possibilities for expansion of some mathematical analysis 
knowledge connecting to the problems to which a proper attention has been paid 
in this paper are opening up. Thus, from viewpoint of results, derived in the 



Subsubsection 2.2-4 of the paper for instance, and having in mind the fact that 
causality related to the area of Fourier trigonometric series of real valued functions 
is the theory of partial differential equations, it is obvious which possibilities are 
opening up in this area of mathematics. 

On the other hand, disregarding the fact that the results of the paper are, in a 
certain sense, the theoretical news, some of them have been predictable. So, the 

+ 00 ^ 

alternative numerical series; ^ j has the defined sum, more exactly it is 

fc=0 

sumniable and its sum is equal to ^, just as it has been assumed yet by Euler and 
Dalamber. Making use of this assumption they obtained absolutely exact results. 
It is nothing other to be left than to prove validity of this assumption. As for the 



results.' ( 3.2C) and (3.21), from the Example 2, one can say that they are theoretical 



news and causality related to the result (3.8). Namely, since ^ fcsin(fci) = for 

k=l 

+ CO +00 +00 

i f , that is J2 (2fc + 1) (-1) = 0, it follows that ^ 2k {-ly = - ^ (-1)'' = 

k=0 k=0 k=0 

_1 
2 ■ 
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